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Wkh sureohp ri idlu sulflqj ri frqwlqjhqw fodlpv lv zhoo xqghuvwrrg lq wkh frqwh{w ri dq
duelwudjh iuhh/ frpsohwh qdqfldo pdunhw/ zlwk shuihfw lqirupdwlrq = wkh vr0fdoohg duelwudjh
dssurdfk shuplwv wr frqvwuxfw d xqltxh ydoxdwlrq rshudwru frpsdwleoh zlwk wkh revhuyhg
sulfh surfhvvhv1
Lq wkh pruh uhdolvwlf frqwh{w ri sduwldo lqirupdwlrq/ wkh htxloleulxp dqdo|vlv shuplwv wr








































Author manuscript, published in "N/P"dv zhoo dv rq wkh glylghqgv surfhvv1
Lq wklv sdshu zh suhvhqw wkhvh wzr dssurdfkhv dqg zh h{soruh wkhlu olqnv dqg wkh frq0
glwlrqv xqghu zklfk wkh| duh frpsdwleoh1 Lq sduwlfxodu/ zh ghulyh iurp wkh htxloleulxp
frqglwlrqv vrph olqnv ehwzhhq wkh sulfh surfhvvhv sdudphwhuv dqg wkrvh ri wkh glylghqg
surfhvvhv sdudphwhuv1
Nh|zrugv= duelwudjh/ htxloleulxp/ rswlpdolw|/ lqfrpsohwh pdunhwv/ qrquhgxqgdqw dvvhwv/
ghulydwlyhv sulflqj
41 Lqwurgxfwlrq
Wkh wkhru| ri dvvhw sulflqj wdnhv lwv urrwv lq wkh Duurz0Gheuhx prgho +vhh/ iru lqvwdqfh/ Gheuhx
4<8</ Fkds1 :,/ wkh Eodfn dqg Vfkrohv ^4<:6` irupxod/ dqg wkh Fr{ dqg Urvv ^4<:9` olqhdu
sulflqj prgho1 Wklv wkhru| dqg lwv olqn wr duelwudjh kdv ehhq irupdol}hg lq d jhqhudo iudphzrun
e| Kduulvrq dqg Nuhsv ^4<:<`/ Kduulvrq dqg Solvnd ^4<;4/ 4<;6`/ dqg Gx!h dqg Kxdqj ^4<;9`1
Lq wkhvh prghov/ vhfxulw| pdunhwv duh dvvxphg wr eh iulfwlrqohvv= vhfxulwlhv fdq eh vrog vkruw
lq xqolplwhg dprxqwv/ wkh eruurzlqj dqg ohqglqj udwhv duh htxdo/ dqg wkhuh lv qr wudqvdfwlrq
frvw1 Wkh pdlq uhvxow lv wkdw wkh sulfh surfhvv ri wudghg vhfxulwlhv lv duelwudjh iuhh li dqg rqo|
li wkhuh h{lvwv vrph htxlydohqw suredelolw| phdvxuh wkdw wudqvirupv lw lqwr d pduwlqjdoh/ zkhq
qrupdol}hg e| wkh qxphudluh1 Frqwlqjhqw fodlpv fdq wkhq eh sulfhg e| wdnlqj wkh h{shfwhg
ydoxh ri wkhlu +qrupdol}hg, sd|r zlwk uhvshfw wr dq| htxlydohqw pduwlqjdoh phdvxuh1 Li wklv
ydoxh lv xqltxh/ wkh fodlp lv vdlg wr eh sulfhg e| duelwudjh dqg lw fdq eh shuihfwo| khgjhg +l1h1
gxsolfdwhg, e| g|qdplf wudglqj1 Zkhq wkh pdunhwv duh g|qdplfdoo| frpsohwh/ wkhuh lv rqo|








































7zhljkw ri hdfk vwdwh ri wkh zruog iru wklv suredelolw| phdvxuh fdq eh lqwhusuhwhg dv wkh vwdwh
sulfh ri wkh hfrqrp| +wkh sulfh ri '4 wrpruurz lq wkdw vwdwh ri wkh zruog, dv zhoo dv wkh pdujlqdo
xwlolwlhv +iru frqvxpswlrq lq wkdw vwdwh ri wkh zruog, ri udwlrqdo djhqwv pd{lpl}lqj wkhlu h{shfwhg
xwlolw|1
Zkhq wkhuh duh iulfwlrqv/ lqfoxglqj g|qdplf pdunhw lqfrpsohwhqhvv/ wkh fkdudfwhul}dwlrq ri
wkh qr0duelwudjh frqglwlrq lv qrpruh htxlydohqw wr wkh h{lvwhqfh ri d xqltxh htxlydohqw pduwlqjdoh
phdvxuh dqg zh jhqhudoo| kdyh/ pruh wkdq rqh phdvxuh fkdudfwhul}lqj wkh qr0duelwudjh frqglwlrq1
Krzhyhu duelwudjh erxqgv fdq eh frpsxwhg/ iru duelwudu| frqwlqjhqw fodlpv/ wdnlqj wkh h{shfwhg
ydoxh ri wkhlu +qrupdol}hg, sd|r zlwk uhvshfw wr doo wkh phdvxuhv wkdw fkdudfwhul}h wkh devhqfh
ri duelwudjh rssruwxqlwlhv1 Wkhvh erxqgv duh wkh plqlpxp dprxqw lw frvwv wr khgjh wkh fodlp
dqg wkh pd{lpxp dprxqw wkdw fdq eh eruurzhg djdlqvw lw xvlqj g|qdplf vwudwhjlhv1 Wkhvh duh
wkh wljkwhvw erxqgv wkdw fdq eh lqihuuhg rq wkh sulfh ri d frqwlqjhqw fodlp zlwkrxw nqrzlqj wkh
djhqw*v suhihuhqfhv dv vkrzq e| Mrxlql dqg Ndoodo ^4<<8/4<<<` +vhh Mrxlql dqg Ndoodo ^5333` iru wkh
fdvh zkhuh zh ixuwkhu lpsrvh wkdw wkh suhihuhqfhv ghulyh iurp YQP xwlolw| ixqfwlrqv,1 Wkh pdlq
dvvxpswlrq lq wkhvh prghov lv/ lq idfw/ d qhfhvvdu| frqglwlrq iru wkh h{lvwhqfh ri dq htxloleulxp=
wkh qr0duelwudjh frqglwlrq1 Wkhvh suhihuhqfh0iuhh wkhrulhv duh edvhg rq wkh nqrzohgjh ri wkh
sulfh surfhvvhv iru wkh vr0fdoohg pdunhwhg dvvhwv dqg jlyh uhvxowv ri juhdw jhqhudolw| zlwkrxw
vshfli|lqj wkh htxloleulxp lq lwv ixoo ghwdlov1
Dqrwkhu dssurdfk frqvlvwv lq d frpsohwh ghvfulswlrq ri wkh hfrqrp| +djhqwv/ suhihuhqfhv/
hqgrzphqwv/111, dqg ri wkh htxloleulxp frqglwlrqv1 Doo wkh sulfh surfhvvhv dv zhoo dv wkh ydox0
dwlrq rshudwru duh wkhq rewdlqhg hqgrjhqhrxvo| iurp wkhvh htxloleulxp frqglwlrqv1 Prghov ri
frpshwlwlyh htxloleulxp jr edfn wr Zdoudv ^4;:7` dqg wkh uvw frpsohwh surri iru wkh h{lvwhqfh ri








































7^4<87`1 Lq wkh fkdswhu : ri Gheuhx ^4<8<`/ wkh dxwkru h{sodlqv krz wklv prgho shuplwv wr wdnh
lqwr dffrxqw g|qdplf pdunhwv zlwk xqfhuwdlqw|1 Ehzoh| ^4<:5` vwxglhg wkh frpshwlwlyh htxlole0
ulxp lq dq lqqlwh0glphqvlrqdo frpprglw| vsdfh/ qdpho| O
4
dqg Pdv0Frohoo ^4<;9` jhqhudol}hg
Ehzoh|*v uhvxowv wr Kdxvgru orfdoo| frqyh{/ wrsrorjlfdo yhfwru vsdfhv xqghu d xqlirup surshu0
qhvv frqglwlrq rq wkh djhqw*v suhihuhqfhv1 Dudxmr dqg Prqwhlur ^4<;< d dqg e` dqg Gx!h
dqg ]dph ^4<;<` suryhg lqghshqghqwo| wkh h{lvwhqfh ri dq htxloleulxp zlwkrxw Pdv0Frohoo*v
xqlirup surshuqhvv frqglwlrq1 Krzhyhu/ doo wkh suhylrxv prghov grhv qrw wdnh h{solflwho| lqwr
dffrxqw g|qdplf vhfxulw| wudglqj1 Prghov zkhuh wkh djhqwv dfklhyh htxloleulxp doorfdwlrqv e|
wudglqj lq vhfxulwlhv olnh wkh fdslwdo dvvhw sulflqj prgho +FDSP, ri Phuwrq ^4<:4/ 4<:6` ru wkh
frqvxpswlrq edvhg fdslwdo dvvhw sulflqj prgho +FFDSP, ri Euhhghq ^4<:<` fdq eh irxqg lq
wkh olwhudwxuh jrlqj edfn wr Phuwrq ^4<:4`/ Fr{/ Lqjhuvroo dqg Urvv ^4<;8`/ Gx!h dqg Kxdqj
^4<;8`/ Kxdqj ^4<;:` dqg Ndudw}dv/ Ohkrf}n| dqg Vkuhyh ^4<<3`1 Wkh olqn ehwzhhq wkhvh wzr
dssurdfkhv lv pdgh e| Gx!h dqg Kxdqj ^4<;8` zkhuh wkh dxwkruv h{sodlq krz dq Duurz0Gheuhx
htxloleulxp fdq eh lpsohphqwhg e| wudglqj lq vhfxulwlhv1 Wklv uroh ri vhfxulwlhv zdv/ lq idfw/
douhdg| uhfrjql}hg e| Duurz ^4<85`1
Lq wklv sdshu zh h{soruh wkh frpsdwlelolw| ehwzhhq wkh duelwudjh dssurdfk dqg wkh htxlole0
ulxp dssurdfk1 Lq rwkhu zrugv/ zh frqvlghu wkh sulfh surfhvvhv dv jlyhq dqg zh ghulyh iurp
wkhuh d ydoxdwlrq rshudwru wkurxjk wkh duelwudjh dssurdfk dqg dqrwkhu ydoxdwlrq rshudwru iurp
wkh htxloleulxp frqglwlrqv1 Wkh uvw rshudwru rqo| ghshqgv rq wkh dvvhw sulfh surfhvvhv dqg
grhv qrw ghshqg rq wkh glylghqgv surfhvv1 Wkh vhfrqg rqh ghshqgv rq wkh glylghqgv surfhvv
dqg rqo| rq wkh surgxfwlyh dvvhwv sulfh surfhvvhv1 Zkhq wkhvh wzr rshudwruv frlqflghv wkhq
rxu sulfh surfhvvhv duh frpsdwleoh zlwk dq htxloleulxp ru/ lq rwkhu zrugv/ wkhuh h{lvwv xwlolw|








































7Wklv sureohp wkdw frqvlvwv lq frqvlghulqj vshflf sulflqj prghov dqg wu|lqj wr qg dq hfr0
qrplf mxvwlfdwlrq iru wkhp/ l1h1/ wr qg xwlolw| ixqfwlrqv iru zklfk wkhuh lv dq htxloleulxp lq
wkh frqvlghuhg prghov kdv ehhq udlvhg e| Elfn ^4<;:` iru wkh Eodfn dqg Vfkrohv prgho dqg e|
Elfn ^4<<3` dqg Kh dqg Ohodqg ^4<<6` iru d Pdunryldq glxvlrq prgho lq d frpsohwh pdunhw
iudphzrun/ zkhuh wkh xqltxh ulvn| dvvhw lv surgxfwlyh dqg dydlodeoh lq rqh xqlw vxsso|1 Wkh|
fkdudfwhul}h wkh ulvn suhplxp dv wkh xqltxh vroxwlrq ri d qrqolqhdu sduwldo glhuhqwldo htxdwlrq/
dqg wkh| uhodwh lw wr wkh vkdsh ri wkh uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrq1 Lq Skdp0Wrx}l
^4<<9`/ d vshflf vwrfkdvwlf yrodwlolw| prgho/ zklfk lv d sduwlfxodu fdvh ri d Pdunry vhwwlqj/ lv
frqvlghuhg> wkh| dsso| wkhlu uhvxowv wr surylgh dq hfrqrplf irxqgdwlrq wr wkh Kxoo dqg Zklwh
prgho dqg wr wkh plqlpdo pduwlqjdoh phdvxuh1
Lq wklv sdshu zh gr frqvlghu d qrq pdunryldq vhwwlqj dqg zh rewdlq zhdnhu frqglwlrqv rq
wkh xwlolw| ixqfwlrqv dqg wkh glylghqgv surfhvv wkdq Skdp dqg Wrx}l ^4<<9`1 Krzhyhu/ zh gr
qrw dgguhvv wkh h{lvwhqfh ri dq htxloleulxp sureohp1 Lq wkh iudphzrun ri wklv sdshu/ wklv lv
grqh lq d frpsdqlrq sdshu +Mrxlql dqg Qdss ^5333`,1
Rxu iudphzrun lv suhflvho| wkh iroorzlqj= zh frqvlghu d pdunhw lq zklfk wkhuh duh d fhuwdlq
qxpehu ri surgxfwlyh dvvhwv/ uhihuuhg wr dv wkh sulplwlyh vwrfnv/ zkrvh sulfh surfhvvhv duh
vxssrvhg wr eh gulyhq e| d Eurzqldq prwlrq dqg zh dvvxph wkdw wkh qxpehu ri vrxufhv ri
xqfhuwdlqw| duh juhdwhu wkdq wkh qxpehu ri sulplwlyh vwrfnv dydlodeoh vr wkdw wkh sulplwlyh
pdunhw frqvlvwlqj rqo| ri wkhvh sulplwlyh surgxfwlyh dvvhwv lv lqfrpsohwh1 Wkh sulfh surfhvvhv
duh yhu| jhqhudo glxvlrq surfhvvhv= lq sduwlfxodu/ zh grq*w dvvxph wkdw wkh| duh ri Pdunryldq
w|sh1
Lq dgglwlrq wr wkhvh surgxfwlyh dvvhwv/ zh frqvlghu sxuho| qdqfldo dvvhwv> zh dvvxph wkdw wkh|








































7wkh duelwudjh sulflqj dssurdfk dqg wkh htxloleulxp rqh dqg wr h{soruh wkh frqglwlrqv xqghu zklfk
wkh| duh htxlydohqw1
Iru wkh vdnh ri frpsohwhqhvv/ doo wkh uhvxowv derxw xwlolw| pd{lpl}dwlrq/ pdunhw frpsohwhqhvv
dqg htxloleulxp fkdudfwhul}dwlrq duh lqwurgxfhg vwhs e| vwhs1 Wkh sdshu lv wkhq rujdql}hg dv
iroorzv= lq vhfwlrq 5/ zh lqwurgxfh d pdunhw prgho zlwk rqo| rqh surgxfwlyh dvvhw> lq vhfwlrq
6/ zh fkdudfwhul}h wkh htxlydohqw pduwlqjdoh phdvxuhv> lq vhfwlrq 7/ zh frqvlghu krz hfrqrplf
djhqwv dfwxdoo| wudgh lq wklv pdunhw1 Lq vhfwlrq 8/ zh duh lqwhuhvwhg lq xwlolw| pd{lpl}dwlrq dqg
rswlpdo ghpdqg iru d vlqjoh djhqw1 Lq vhfwlrq 9/ zh ghqh zkdw zh fdoo htxloleulxp dqg zh
xvh wkh suhfhglqj vhfwlrqv wr rewdlq qhfhvvdu| frqglwlrqv iru htxloleulxp dqg surylgh wkh pdlq
uhvxowv1 Vhfwlrq : h{whqgv wkh suhylrxv uhvxowv wr dq lqfrpsohwh pdunhw iudphzrun zlwk pdq|
surgxfwlyh dvvhwv1
Zh lqwurgxfh d ihz qrwdwlrqv= wzr suredelolw| phdvxuhv S dqg T/ ghqhg rq wkh vdph phdvxu0
deoh vsdfh +
> I , duh vdlg wr eh htxlydohqw li wkh| djuhh rq wkh qxoo vhwv1
Doo yhfwruv duh froxpq yhfwruv dqg wudqvsrvlwlrq lv ghqrwhg e| wkh vxshuvfulsw = Dv xvxdo/ 4g










> wkhq gldj] ghqrwhv wkh +q  q, gldjrqdo pdwul{ zkrvh gldjrqdo hqwulhv duh wkh
frpsrqhqwv ri ]= Zh ghqrwh e| n ] n
5










> I> S , eh d {hg suredelolw| vsdfh dqg W ghqrwh wkh lqwhuydo ^3> W `1 Wkhq O
5
g +W , ghqrwhv




















































0ydoxhg surfhvv  @ iw> w 5 W j lq O
5
g +W , > ohw wkh uhdo0ydoxhg surfhvv H +, @
iHw +, > w 5 W j ghqrwh wkh h{srqhqwldo orfdo pduwlqjdoh jlyhq iru hdfk w lq W e|















Iru d uhdo0ydoxhg surfhvv x @ ixw> w 5 W j ghqhg rq d suredelolw| vsdfh +







w > w 5 W

wkh surfhvv ghqhg e| x

w @  plq +3> xw, iru doo w lq W =
Dv xvxdo/ d ixqfwlrq I = W  U $ U lv vdlg wr eh ri fodvv F
p>q
li wkh p0wk ghulydwlyh ri
I +> {, = W $ U dqg wkh q0wk ghulydwlyh ri I +w> , = U $ U h{lvw dqg duh frqwlqxrxv1
51 Wkh pdunhw prgho
Zh { d qlwh0wlph krul}rq W / ^3> W `/ rq zklfk zh duh jrlqj wr wuhdw rxu sureohp= W fruuhvsrqgv
wr wkh whuplqdo gdwh iru doo hfrqrplf dfwlylw| xqghu frqvlghudwlrq1 Doo surfhvvhv wkdw zh vkdoo
hqfrxqwhu lq wklv sdshu duh ghqhg rq ^3> W ` = Zh frqvlghu d sulplwlyh pdunhw frqvlvwlqj ri
rqh erqg dqg rqh vlqjoh surgxfwlyh dvvhw1 Zh vkdoo uhihu wr wkhvh wzr dvvhwv dv wkh sulplwlyh
dvvhwv1 Dv zh kdyh vhhq lq wkh lqwurgxfwlrq/ zh dvvxph wkdw rxu ixoo pdunhw frqvlvwv qrw rqo| ri
wkhvh sulplwlyh dvvhwv exw dovr ri dgglwlrqdo sxuho| qdqfldo dvvhwv frpsohwlqj wkh pdunhw1
Pruh suhflvho|=
5141 Frqglwlrqv rq wkh sulplwlyh pdunhw
Wkh sulplwlyh pdunhw prgho lv wkh vdph dv lq Ndudw}dv ^4<;<` wdnlqj p @ 4/ h{fhsw wkdw zh
frqvlghu khuh glylghqgv sd|lqj dvvhwv1


















































dqg rqh vwrfn +ru rqh surgxfwlyh ulvn| dvvhw, zlwk sulfh shu vkduh dw wlph w ghqrwhg e| Vw
vdwlvi|lqj wkh htxdwlrq










> w 5 W
r
lv d g0glphqvlrqdo Eurzqldq prwlrq rq d suredelolw| vsdfh
+
> I> S , dqg zh ohw +Iw,
w5W
ghqrwh wkh S 0dxjphqwdwlrq ri wkh qdwxudo owudwlrq jhqhudwhg e|
Z 1 Zh dvvxph wkdw wkh vdpsoh sdwkv ri Z frpsohwho| vshfli| doo wkh glvwlqjxlvkdeoh hyhqwv/
zklfk pdwkhpdwlfdoo| hqwdlov IW @ I 1 Vlqfh vwdqgdug Eurzqldq prwlrqv vwduw iurp }hur zlwk
suredelolw| rqh/ I3 lv wulyldo1
Lw lv dvvxphg wkurxjkrxw wkdw g  4> l1h1/ wkh qxpehu ri vrxufhv ri xqfhuwdlqw| lv odujhu wkdq
wkh qxpehu ri vwrfnv1
Wkh uhdo0ydoxhg lqwhuhvw udwh surfhvv iuw> w 5 W j/ wkh uhdo0ydoxhg surfhvv iew> w 5 W j/ wkh uhdo0











> w 5 W

duh wkh frh!flhqwv ri wkh prgho dqg duh wdnhq
wr eh surjuhvvlyho| phdvxudeoh zlwk uhvshfw wr +Iw,
w5W
dqg erxqghg xqlirupo| lq +w> $, lq W 
=
Xqghu wkhvh k|srwkhvhv wkdw zh vkdoo ghqrwh e| K4/ zh nqrz wkdw htxdwlrq +5=4, dgplwv d xqltxh
uhdo0ydoxhg/ +Iw,
w5W








Zh dvvxph wkdw iru doo w lq W > wkh yrodwlolw| pdwul{ w kdv ixoo udqn 4/ zklfk dprxqwv wr dvvxplqj




w @ 3 iru doo m lq i4> ===> gj
l
@ 31 Zh ghqrwh wklv k|srwkhvlv e| K51 D
























































w d=v= S> 3  w  W=
Zlwk wkh deryh dvvxpswlrqv/  lv dq +Iw,
w5W
0surjuhvvlyho| phdvxudeoh surfhvv dqg zh vkdoo pdnh
lq wkh uhpdlqghu ri wkh sdshu wkh k|srwkhvlv K6 wkdw  lv xqlirupo| erxqghg1
Ohw  @ i
w> w 5 W j ghqrwh wkh surfhvv jlyhq e| 
w / 4@V
3




uvgv= Zh vkdoo dovr kdyh
wkh rffdvlrq wr xvh wkh glvfrxqwhg sulfh surfhvv  V @
q
 Vw> w 5 W
r






+v  uv, gv
iru doo w lq W 1 Xvlqj Lw÷*v ohppd/ zh hdvlo| jhw wkdw  V lv wkh xqltxh vroxwlrq ri wkh iroorzlqj
vwrfkdvwlf glhuhqwldo htxdwlrq=
g  Vw @  Vw ^+ew  uw, gw . wgZw` @  Vww ^wgw . gZw` >  V3 @ 4=
5151 Frqglwlrqv rq wkh sxuho| qdqfldo dvvhwv
Zh frqvlghu dw ohdvw +g  4, dgglwlrqdo sxuho| qdqfldo dvvhwv +ru frqwlqjhqw fodlpv,/ l1h1/ dvvhwv
zklfk duh lq }hur qhw vxsso|1 Wkhlu sulfhv F
l
w iru l lq i4> ===> g  4j duh gulyhq e| wkh g0glphqvlrqdo
Eurzqldq prwlrq Z dqg zh dvvxph wkdw wkh| frpsohwh wkh pdunhw1 Pruh suhflvho|/ zh dvvxph
wkdw wkh sulfhv F
l















































































dgplwv dq lqyhuvh= iru h{dpsoh d pdwul{0ydoxhg surfhvv i
w> w 5 W j
vxfk wkdw iru doo w/ wkh urzv ri 
w/ wkrxjkw ri dv yhfwruv lq U
g
duh ruwkrqrupdo dqg lq wkh
nhuqho ri w> l1h1/ w

w @ 3/ olnh lq Ndudw}dv hw do1 ^4<<4`1 Pruhryhu/ zh dvvxph wkdw wkh qrupv
ri + w,
4




duh xqlirupo| erxqghg= zh frxog iru lqvwdqfh lpsrvh iru doo w lq W
d qrqghjhqhudf| frqglwlrq rq wkh pdwul{  w 















0 surjuhvvlyho| phdvxudeoh/ xqlirupo| erxqghg +g  4,0glphqvlrqdo yhfwru surfhvv= Zh






dxjphqwhg vwrfn dssuhfldwlrq yhfwru1 D g0glphqvlrqdo surfhvv   @










 ew  uw4g

d=v= S> 3  w  W=
Zlwk wkh deryh dvvxpswlrqv/   lv +Iw,
w5W
0surjuhvvlyho| phdvxudeoh dqg xqlirupo| erxqghg1
Vr rxu ixoo pdunhw frqvlvwv ri +g . 4, dvvhwv= wkh erqg/ wkh sulplwlyh vwrfn dqg +g  4, dgglwlrqdo




















Qrwlfh wkdw dvvhwv sulfhv fdq  xfwxdwh lq dq doprvw duelwudu| qrw qhfhvvdulo| Pdunryldq idvklrq1
61 Htxlydohqw pduwlqjdoh phdvxuhv
Qrz wkdw zh kdyh ghvfulehg erwk rxu sulplwlyh dqg rxu ixoo pdunhwv/ zh fdq frqvlghu wkh sureohp
ri wkh h{lvwhqfh dqg ri wkh fkdudfwhul}dwlrq ri htxlydohqw suredelolw| phdvxuhv rq +
> I> S ,
wkdw pdnh wkh glvfrxqwhg sulfh surfhvvhv  V lq wkh sulplwlyh pdunhw dqg  ] lq wkh ixoo pdunhw
pduwlqjdohv1 Zh zloo vhh lq vhfwlrq 9 wkdw wkhvh suredelolw| phdvxuhv duh ri juhdw xvh iru rxu








































7Nuhsv ^4<:<` wkdw wkh idlu sulfh ri dq| frqwlqjhqw fodlp/ zkrvh qdo sd|r lv lq wkh irup k +VW ,












W k +VW ,`

zkhuh PV ghqrwhv wkh vhw ri doo htxlydohqw suredelolw| phdvxuhv wkdw pdnh wkh surfhvv  V d
pduwlqjdoh1
6141 Lq wkh sulplwlyh pdunhw
Zlwk wkh qrwdwlrqv ri vhfwlrq 5/ zh vwloo frqvlghu wkh suredelolw| vsdfh +




Ghqlwlrq 6141 D suredelolw| phdvxuh T ghqhg rq +
> I> S , lv dq V0htxlydohqw pduwlqjdoh
suredelolw| phdvxuh iru +Iw,
w5W
li lw vdwlvhv =
41 Wkh suredelolw| phdvxuhv S dqg T duh htxlydohqw=
51 Wkh surfhvv  V lv d T0pduwlqjdoh iru +Iw,
w5W
1
Xvlqj Lw÷*v ohppd dqg wkh idfw wkdw wkh glylghqg |lhog surfhvv lv xqlirupo| erxqghg/ qrwlfh wkdw
dq V0htxlydohqw pduwlqjdoh suredelolw| phdvxuh lv lq idfw dq htxlydohqw suredelolw| phdvxuh wkdw

















vVvgv> w 5 W

d pduwlqjdoh> dqg zh nqrz wkdw wkh h{lvwhqfh ri vxfk d suredelolw| phdvxuh lv hvvhqwldoo| htxly0








































7ri wkh vwrfn lv htxdo wr wkh +vkruw whup, lqwhuhvw udwh plqxv wkh glylghqg |lhog1
Ohw P
5
g +W , ghqrwh wkh vhw ri U
g
0ydoxhg surfhvvhv  @ iw> w 5 W j lq O
5
g +W , vxfk wkdw




















g +W , fruuhvsrqgv wr wkh vhw ri surfhvvhv iw> w 5 W j lq O
5


















> w 5 W

lv d wuxh pduwlqjdoh= dv d pdwwhu ri idfw/ H +, ehlqj d qrqqhjdwlyh orfdo pduwlqjdoh/ zh fdq
xvh Idwrx*v ohppd dqg jhw wkdw wklv surfhvv lv d vxshupduwlqjdoh> wkhuhiruh/ lw lv d pduwlqjdoh
li dqg rqo| li lwv h{shfwhg ydoxh lv d frqvwdqw iru doo w lq W =







g +W , vxfk wkdw ;w> ww @ 3 dqg  








lv qhyhu hpsw| ehfdxvh wkh qxoo surfhvv q @ iqw> w 5 W j ghqhg e| qw @ 3 iru
doo w dozd|v ehorqjv wr N

1 Lqghhg/ wkh uvw wzr frqglwlrqv= q lq O
5
g +W , dqg wqw @ 3 iru doo
w duh wulyldoo| vdwlvhg dqg dv  lv dvvxphg wr eh xqlirupo| erxqghg/ wkh surfhvv H +, lv d
pduwlqjdoh 0vhh/ iru lqvwdqfh/ wkh Qrylnry frqglwlrq lq Ndudw}dv dqg Vkuhyh ^4<;;` s1 4<<1
Zh vkdoo qrz fkdudfwhul}h doo V0htxlydohqw pduwlqjdoh suredelolw| phdvxuhv=
Ohppd 6151 Ohw T eh d suredelolw| phdvxuh ghqhg rq +









































41 Wkh suredelolw| phdvxuh T lv dq V0htxlydohqw pduwlqjdoh suredelolw| phdvxuh iru +Iw,
w5W
1
51 Wkh suredelolw| phdvxuh T lv vxfk wkdw gT@gS @ HW +

, iru vrph  lq N

=
Surri 4, Ohw xv uvw vkrz wkdw T lv dq htxlydohqw suredelolw| phdvxuh li dqg rqo| li lw lv
vxfk wkdw gT@gS @ HW +, iru vrph surfhvv  @ i
w> w 5 W j lq P
5
g +W ,1
Rqh lpsolfdwlrq lv lpphgldwh= dv  ehorqjv wr O
5
g +W ,/ wkh udqgrp yduldeoh HW +, lv zhoo ghqhg1
Dv lw lv qrqqhjdwlyh/ lw fdq eh h{suhvvhg dv d phdvxuh ghqvlw| uhvshfwlyho| wr S / l1h1/ zh fdq
ghqh rq +




@gS @ HW +, dqg dv H ^HW +,` @ 4
0ehfdxvh  ehorqjv wr P
5
g +W ,0 wklv phdvxuh S






lv htxlydohqw wr S=
Iru wkh uhyhuvh lpsolfdwlrq/ zh vkdoo ghqrwh gT@gS e| PW dqg frqvlghu wkh surfhvv P @
iPw> w 5 W j jlyhq e| Pw / H ^PW m Iw` iru doo w lq W = Wkh surfhvv iPw> w 5 W j lv zhoo ghqhg
ehfdxvh PW 5 O
4
+




lv wkh S 0dxjphqwdwlrq ri wkh owudwlrq jhqhudwhg e| Z vr/ e| wkh ixqgdphqwdo pduwlqjdohv
uhsuhvhqwdwlrq wkhruhp +vhh Ndudw}dv0Vkuhyh ^4<;;`/ s14:3,/ P fdq eh zulwwhq dv d vwrfkdvwlf
lqwhjudo zlwk uhvshfw wr Z = wkhuh h{lvwv d surfhvv i
w> w 5 W j lq O
5
g +W , vxfk wkdw






















































gZv= Dv PW A 3/ wkh surfhvv P vdwlvhv Pw A 3 iru doo w lq W / vr zh fdq
dsso| Lw÷*v ohppd dqg rewdlq iru doo w lq W
































@ Hw +, iru wkh g0glphqvlrqdo surfhvv  @
i
w> w 5 W j lq O
5





iru doo w lq W = Dv H ^PW ` @ 4 @ H ^HW +,`/ wkh surfhvv
 ehorqjv wr P
5
g +W , dqg wklv frpsohwhv wkh surri1
Vr zh fdq lqgh{ wkh vhw ri htxlydohqw suredelolw| phdvxuhv e| P
5
g +W , dqg iru hdfk surfhvv
 @ i
w> w 5 W j lq P
5
g +W , ghqrwh e| S





5, Ohw xv qrz vkrz wkh ohppd= e| Jluvdqry*v wkhruhp +vhh h1j1 Ndudw}dv0Vkuhyh ^4<;;`/
s14<4,/ iru doo surfhvv  lq P
5








w > w 5 W

ghqhg iru












0 Eurzqldq prwlrq iru +Iw,
w5W
1 Dv g  Vw @  Vw ^+ew  uw, gw . wgZw`/ zh kdyh iru doo
surfhvv  lq P
5
g +W ,/ g  Vw @  Vw

+ew  uw . w





> ghqlqj wkh surfhvv iw> w 5 W j
e| w /  +




















































7Zh vkdoo ghqrwh e| PV wkh vhw ri V0htxlydohqw pduwlqjdoh suredelolw| phdvxuhv iru +Iw,
w5W
1
Dv zh kdyh vhhq/ wkh qxoo surfhvv q dozd|v ehorqjv wr N

vr PV lv qhyhu uhgxfhg wr wkh
hpsw| vhw dqg wkhuh dozd|v h{lvwv dw ohdvw rqh Vhtxlydohqw pduwlqjdoh suredelolw| phdvxuh
ghqrwhg e| S
3
dqg jlyhq e| gS
3
@gS @ HW +,> lw lv wkh vr0fdoohg plqlpdo pduwlqjdoh0phdvxuh
ri Iùoophu0Vfkzhlw}hu ^4<<4`1
Wkhuh h{lvwv d xqltxh pduwlqjdoh suredelolw| phdvxuh li dqg rqo| li zh kdyh N

@ i3j zklfk lv
wkh fdvh li dqg rqo| li g @ 41 Lq wkdw fdvh/ wkh xqltxh V0htxlydohqw pduwlqjdoh suredelolw| phdvxuh
lv wkh rqh jlyhq e| Iùoophu dqg Vfkzhlw}hu ^4<<4` = Pruh jhqhudoo|/ PV fdq eh frqvlghuhg dv
lqgh{hg e| N

= iru hdfk  lq N

> zh vkdoo ghqrwh e| S




























` wkh fruuhvsrqglqj surfhvv dqg wkhq zh kdyh
PV@ iS

>  5 N

j 9@ >=
Qrwlfh wkdw iru hdfk Vhtxlydohqw pduwlqjdoh suredelolw| phdvxuh S









6151 Lq wkh ixoo pdunhw
Zh duh lqwhuhvwhg lq zkdw zh vkdoo fdoo ]htxlydohqw pduwlqjdoh suredelolw| phdvxuhv/ l1h1/



















































7d T0pduwlqjdoh iru +Iw,
w5W
= Qrwlfh wkdw dq| ]htxlydohqw pduwlqjdoh suredelolw| phdvxuh lv
lq dq reylrxv zd| dq V0htxlydohqw pduwlqjdoh suredelolw| phdvxuh1 Iroorzlqj h{dfwo| wkh vdph
dssurdfk dv lq wkh suhfhglqj vhfwlrq iru g @ 4/ zh vkrz wkh iroorzlqj uhvxow=
Ohppd 6161 Wkhuh h{lvwv d xqltxh htxlydohqw suredelolw| phdvxuh  S ghqhg rq +
> I> S , wkdw
pdnhv wkh ixoo surfhvv  ] d pduwlqjdoh iru +Iw,
w5W
1 Lw lv jlyhq e|






















Surri Dqdorjrxv wr wkh suhylrxv rqh lq wkh sulplwlyh pdunhw iru g @ 4= Dv d pdwwhu ri







g +W , vxfk wkdw  ww @ 3 iru doo w dqg 










@ i3j > ehfdxvh   dgplwv dq lqyhuvh1 Vr wkhuh h{lvwv d xqltxh htxlydohqw pduwlqjdoh
phdvxuh zklfk lv lq wkh irup jlyhq deryh1










w > w 5 W
r









 vgv iru doo w lq W = Zh vkdoo lq wkh uhpdlqghu ri wkh sd0








> w 5 W
r
e|  P @

 Pw> w 5 W

1 Dv  S ehorqjv wr
PV/ lw fdq eh zulwwhq lq wkh irup S
 
iru   @     vdwlvi|lqj
w w @ w

 w  w

@ +4 3 1113,

 ew  uw4g









































7Qrwlfh dovr wkdw  S qrw rqo| ghshqgv rq wkh surgxfwlyh dvvhw sulfh surfhvv exw dovr rq wkh
qdqfldo dvvhwv sulfh surfhvvhv1
71 W udglqj vwudwhjlhv
Ohw xv qrz frqvlghu dq hfrqrplf djhqw/ zkr lqyhvwv lq wkh ixoo pdunhw1
7141 Z hdowk surfhvv dqg dgplvvleoh vwudwhjlhv





w wkh dprxqwv wkdw wkh djhqw lqyhvwv dw wlph w lq
wkh vwrfn dqg lq wkh lwk frqwlqjhqw fodlp uhvshfwlyho|/ e| fw wkh udwh dw zklfk kh zlwkgudzv











w wkh fruuhvsrqglqj zhdowk ri wklv djhqw dw wlph w1 Zh





w wr ehfrph qhjdwlyh/ zklfk dprxqwv wr doorzlqj wkh djhqw wr vhoo vkruw


























lqyhvwhg lq wkh erqg dw wlph w pd| dovr ehfrph qhjdwlyh/ zklfk lv wr eh lqwhusuhwhg dv eruurzlqj
dw wkh lqwhuhvw udwh uw= Pruh suhflvho|=













> w 5 W
r
lv dq hohphqw ri O
5
g +W ,1
Ghqlwlrq 7151 D frqvxpswlrq vwudwhj| ru d frqvxpswlrq udwh surfhvv












































fwgw ? 4 d=v=
S 1
Dvvxplqj wkdw wkh wudglqj0frqvxpswlrq vwudwhj| lv vhoi qdqflqj/ l1h1/ wkdw dw hdfk wlph w/ vdohv
dqg glylghqgv pxvw qdqfh sxufkdvhv dqg frqvxpswlrq/ zh rewdlq/ zlwk wkh deryh lqwhusuhwd0






































zkhuh wkh whupv rq wkh uljkw0kdqg vlgh ri wkh htxdwlrq dffrxqw uhvshfwlyho| iru fdslwdo jdlqv
ru orvvhv iurp wkh surgxfwlyh dvvhw khog/ fdslwdo jdlqv ru orvvhv iurp qdqfldo dvvhwv khog/ wkh
ghfuhdvh lq zhdowk gxh wr frqvxpswlrq dqg wkh lqfuhdvh lq zhdowk gxh wr glylghqgv sdlg e| wkh
surgxfwlyh dvvhw1 Lw lv hdv| wr vhh wkdw/ zlwk wkh dvvxpswlrqv pdgh rq wkh wudglqj dqg frq0
vxpswlrq vwudwhjlhv/ doo txdqwlwlhv duh zhoo ghqhg1 Xvlqj zkdw kdv ehhq grqh lq wkh suhfhglqj












































w  fw` gw . +w,





















































7zkhuh/ dv deryh/ Z
 S




 vgv lv d  S 0Eurzqldq prwlrq1 Wkh xqltxh vroxwlrq ri wklv
htxdwlrq zlwk lqlwldo zhdowk [
>f
3 @ {  3 lv ghqrwhg e| i[
{>>f
w > w 5 W j dqg lv hdvlo| vhhq wr eh



















Zh vkdoo qrz vlqjoh rxw wkrvh sdluv +> f, iru zklfk wkh lqyhvwru dyrlgv qhjdwlyh zhdowk e|
ghqlqj dgplvvleoh vwudwhjlhv=
Ghqlwlrq 7161 D sdlu +> f, ri sruwirolr dqg frqvxpswlrq udwh surfhvvhv lv fdoohg dgplvvleoh
iru wkh lqlwldo fdslwdo {  3 li wkh xqltxh fruuhvsrqglqj zhdowk surfhvv i[
{>>f
w > w 5 W j jlyhq e|
htxdwlrq +7=5, deryh vdwlvhv
[
{>>f
w  3 iru doo w 5 W = +716,






















vfvgv> w 5 W

frqvlvwlqj ri fxuuhqw glvfrxqwhg zhdowk soxv wrwdo glvfrxqwhg frqvxpswlrq lv d  S 0pduwlqjdoh1
Rqh pd| qrwh wkh uhtxluhphqw lq +7=6, wkdw zhdowk lv dozd|v qrqqhjdwlyh zklfk pdnhv exg0
jhw ihdvlelolw| vrphzkdw pruh uhvwulfwlyh wkdq wkh xvxdo qrwlrq1 Zh lpsrvh d qr0edqnuxswf|
frqglwlrq qrw rqo| dw whuplqdo wlph exw dw hdfk wlph w lq W / l1h1/ [w  3 iru doo w lq W / zklfk
dprxqwv wr vd|lqj wkdw dw hdfk wlph w/ wkh lqyhvwru pxvw eh deoh wr fryhu klv ghewv 0vhh h1j1




















































vfvgv> w 5 W

+717,
frqvlvwlqj ri fxuuhqw glvfrxqwhg zhdowk soxv wrwdo glvfrxqwhg frqvxpswlrq lv d  S 0vxshupduwlqjdoh1















zklfk fdq eh lqwhusuhwhg dv d exgjhw frqvwudlqw= wkh h{shfwhg wrwdo ydoxh ri fxuuhqw zhdowk dqg
frqvxpswlrq0wr0gdwh/ erwk gh dwhg wr w @ 3/ grhv qrw h{fhhg wkh lqlwldo fdslwdo1
Li zh frqvlghu dq hfrqrplf djhqw zkr rqo| lqyhvwv lq wkh sulplwlyh pdunhw/ doo ghqlwlrqv dqg
lqwhusuhwdwlrqv uhpdlq wkh vdph/ surylghg zh dgdsw wkhp lq d qdwxudo zd| wr wkh sulplwlyh












4 +W ,> d frq0





fwgw ? 4 d=v= S 1 Wkh zhdowk surfhvv fruuhvsrqglqj wr d wudglqj0frqvxpswlrq




















Ilqdoo|/ d sdlu +> f, ri wudglqj dqg frqvxpswlrq vwudwhjlhv lv fdoohg dgplvvleoh iru wkh lqlwldo
fdslwdo {  3 li wkh xqltxh fruuhvsrqglqj zhdowk surfhvv i[
{>>f
w > w 5 W j vdwlvhv [
{>>f
w  3








































7Qrwlfh wkdw erwk rxu ixoo pdunhw prgho dqg rxu sulplwlyh pdunhw prgho h{foxgh duelwudjh
rssruwxqlwlhv> dq duelwudjh rssruwxqlw| lv dq dgplvvleoh sodq wkdw |lhogv wkurxjk vrph frpelqd0
wlrq ri ex|lqj dqg vhoolqj d srvlwlyh jdlq lq vrph flufxpvwdqfhv zlwkrxw d frxqwhuydlolqj wkuhdw
ri orvv lq rwkhu flufxpvwdqfhv ru htxlydohqwo| lq rxu vhwwlqj/ d wudglqj vwudwhj| wkdw dfklhyhv
zlwk }hur lqlwldo fdslwdo dq dprxqw ri whuplqdo zhdowk zklfk lv doprvw vxuho| qrqqhjdwlyh dqg
srvlwlyh zlwk srvlwlyh suredelolw|> vr khuh/ dq duelwudjh rssruwxqlw| frqvlvwv lq d sdlu +> f, ri
sruwirolr dqg frqvxpswlrq udwh surfhvvhv vxfk wkdw +> f, lv lq D +3, dqg vxfk wkdw wkh fruuh0
vsrqglqj zhdowk surfhvv zlwk lqlwldo fdslwdo { @ 3 lv doprvw vxuho| qrqqxoo dw whuplqdo wlph1
Lq erwk fdvhv +ixoo dqg sulplwlyh pdunhwv,/ wkh h{lvwhqfh ri dw ohdvw rqh htxlydohqw pduwlqjdoh
suredelolw| phdvxuh +iru  ] lq wkh uvw fdvh dqg iru  V lq wkh vhfrqg fdvh, uxohv rxw vxfk rssru0
wxqlwlhv= lqghhg/ lq erwk fdvhv/ dv zh kdyh vhhq zlwk htxdwlrq +7=8,/ wkh zhdowk dw lqlwldo wlph lv
juhdwhu wkdq wkh h{shfwhg ydoxh ri wkh glvfrxqwhg zhdowk dw whuplqdo wlph= wkh glvfrxqw surfhvv
ehlqj srvlwlyh dqg wkh zhdowk surfhvv ehlqj qrqqhjdwlyh/ lw lv wkhq lpsrvvleoh/ vwduwlqj iurp wkh
lqlwldo fdslwdo { @ 3 wr uhdfk d qrqqxoo zhdowk dw whuplqdo wlph1
7151 Dfklhydeoh frqvxpswlrq dqg zhdowk surfhvvhv










 { dqg e| O +{, wkh fodvv ri qrqqhjdwlyh/ I 0phdvxudeoh udqgrp
yduldeohv E zklfk vdwlvi| H
 S
^
W E`  {1
Zh kdyh mxvw vhhq zlwk htxdwlrq +7=8, wkdw +> f, 5 D +{, lpsolhv wkdw f 5 F +{, dqg [W 5 O +{,1
Zh vkdoo qrz vwxg| wr zklfk h{whqw wkh rssrvlwh lpsolfdwlrqv duh wuxh/ l1h1/ iru hyhu| f lq F +{,/








































7h{lvw +> f, lq D +{, vxfk wkdw [
{>>f
W

















Jlyhq dq lqlwldo zhdowk { A 3/ zh zdqw wr nqrz zklfk frqvxpswlrq surfhvvhv dq lqyhvwru
fdq dfklhyh dqg zh vkdoo jlyh d srvlwlyh dqvzhu wr wkh uvw txhvwlrq mxvw udlvhg1
Sursrvlwlrq 7171 41 Iru hyhu| f lq F +{,/ wkhuh h{lvwv d sruwirolr surfhvv  vxfk wkdw +> f,
ehorqjv wr D +{, =
51 Iru hyhu| f lq G +{, /
q











/ wkh suhfhglqj  lv xqltxh/ wkh
fruuhvsrqglqj zhdowk surfhvv vdwlvhv [
{>>f
W
@ 3 dqg wkh surfhvv P jlyhq lq +7=7, lv d
 S 0pduwlqjdoh1
Surri Vhh Ndudw}dv ^4<;<`= wkh surri xvhv d uhsuhvhqwdwlrq uhvxow dqg lv dqdorjrxv wr wkh
surri ri wkh frpsohwhqhvv ri wkh ixoo pdunhw/ jlyhq lq wkhruhp 71; ehorz1
Dfklhydeoh whuplqdo zhdowk dqg frpsohwhqhvv lvvxhv
Zh vkdoo vhh qrz wkdw wkh sulplwlyh pdunhw lq wkh fdvh g @ 4 dv zhoo dv wkh ixoo pdunhw hqdeoh
djhqwv wr khgjh djdlqvw doo ulvn1
Ghqlwlrq 7181 D frqwlqjhqw fodlp lv d qdqfldo lqvwuxphqw frqvlvwlqj ri d sd|phqw E dw
pdwxulw|/ zkhuh E lv d qrqqhjdwlyh/ IW 0phdvxudeoh udqgrp yduldeoh vdwlvi|lqj H ^E

` ? 4 iru








































7Zh vkdoo ghqrwh dq| frqwlqjhqw fodlp e| lwv sd|phqw E1 Xvlqj wkh erxqghgqhvv ri wkh surfhvvhv








W ` ? 41
Ghqlwlrq 7191 Wkh pdunhw lv frpsohwh li/ iru doo frqwlqjhqw fodlp E> wkhuh h{lvw d wudglqj
vwudwhj|  dqg dq lqlwldo fdslwdo {  3 vxfk wkdw +> 3, lv lq D +{, dqg wkh whuplqdo ydoxh ri wkh




Zh vd| wkdw wkh ixoo pdunhw 0uhvs1 wkh sulplwlyh pdunhw0 lv frpsohwh li wkh frqglwlrqv ri wkh














0 dqg iru d zhdowk surfhvv vdwlvi|lqj htxdwlrq +7=5, 0uhvs1 htxdwlrq +7=9,1
Zh uvw vwdwh d uhsuhvhqwdwlrq uhvxow/ zklfk lv dq hdv| fruroodu| ri wkh ixqgdphqwdo pduwlqjdohv
uhsuhvhqwdwlrq wkhruhp=
Ohppd 71:1 Ohw \ @ i\w> w 5 W j eh d  S pduwlqjdoh iru +Iw,
w5W
= Wkhq wkhuh h{lvwv d g0
glphqvlrqdo surfhvv  lq O
5
g +W , vxfk wkdw








v 3  w  W =
Surri Dsso| wkh pduwlqjdohv uhsuhvhqwdwlrq wkhruhp +vhh Ndudw}dv dqg Vkuhyh ^4<;;`, wr




lv wkh S 0
dxjphqwdwlrq ri wkh owudwlrq jhqhudwhg e| Z dqg wkh ohppd lv rewdlqhg wkurxjk wkh xvh ri
Lw÷*v ohppd +vhh ohppd ;17 lq Ndudw}dv0Ohkrf}|0Vkuhyh ^4<<3` iru d ghwdlohg surri,1








































7Wkhruhp 71;1 41 Wkh sulplwlyh pdunhw lv frpsohwh li dqg rqo| li g @ 4=
51 Wkh ixoo pdunhw lv frpsohwh1








W E m Iw`1 Wkh surfhvv [ @ i
w[w> w 5 W j lv lq d wulyldo zd| d  S pduwlqjdoh iru
+Iw,
w5W













v / 3  w  W
iru vrph g0glphqvlrqdo surfhvv  lq O
5








w/ 3  w  W
























0vhh htxdwlrq +7=5, = Wkh whuplqdo ydoxh vdwlvhv
[W @ E dqg dv [ lv qrqqhjdwlyh/ wkh wudglqj vwudwhj| +> 3, lv dgplvvleoh1
4= Wkh surri lv dqdorjrxv wr wkh surri ri 5= dqg fdq eh irxqg iru lqvwdqfh lq Pxvlhod0
Uxwnrzvnl ^4<<:`/ s15831 








































7ri zhdowk dwwdlqdeoh e| dq lqlwldo fdslwdo {  3= Iru hyhu| uhdo qxpehu {  3> zh kdyh
Sursrvlwlrq 71<1 Jlyhq dq lqlwldo zhdowk {  3>






@ E doprvw vxuho|1
51 Iru dq| E lq P +{, /
q
E 5 O +{, > H
 S
^
W E` @ {
r
/ wkh sdlu +> f, lq D +{, deryh lv







W E m Iw` =
Surri Vhh Ndudw}dv ^4<;<`1
Dfklhydeoh sdluv ri whuplqdo zhdowk dqg frqvxpswlrq surfhvvhv
Ohw D ghqrwh wkh vhw ri sdluv +f> [, zkhuh f lv dq dgdswhg qrqqhjdwlyh frqvxpswlrq udwh surfhvv
dqg [ lv d qrqqhjdwlyh IW 0phdvxudeoh udqgrp yduldeoh ghvfulelqj whuplqdo zhdowk> zh zdqw wr
nqrz zklfk sdluv +f> [, lq D dq lqyhvwru fdq dfklhyh vwduwlqj zlwk dq lqlwldo fdslwdo { A 3 dqg
iroorzlqj dq dgplvvleoh vwudwhj|=










@ {/ wkhq wkhuh


























































7Dv f ehorqjv wr G +{4,/ dffruglqj wr sursrvlwlrq 7=7/ wkhuh h{lvwv d xqltxh wudglqj vwudwhj| 4




Dv [ ehorqjv wr P +{5,/ dffruglqj wr sursrvlwlrq 7=</ wkhuh h{lvwv d xqltxh sdlu +5> f5, lq
D +{5, vxfk wkdw [
{5>5>f5
W
@ [ dqg lw vdwlvhv f5  3=
Zh wkhq frqvlghu wkh vwudwhj|  jlyhq e|  / 4 . 5 dqg lw lv hdv| wr fkhfn wkdw +> f, ehorqjv











zklfk frpsohwhv wkh surri1
Zh fdq vnhwfk wkh surri ri d gluhfw dssurdfk/ wkdw ohdgv wr wkh vdph uhvxow xvlqj wkh pduwlqjdohv










W [ m Iw
&
> w 5 W
,
1


































Zh duh qrz lq d srvlwlrq wr dqvzhu wkh odvw txhvwlrq udlvhg dw wkh ehjlqqlqj ri wkh vhfwlrq=
Fruroodu| 71441 Iru dq| sdlu +f> [, lq D/ wkhuh h{lvw dq lqlwldo zhdowk { A 3 dqg d wudglqj






















































81 Rswlpdo ghpdqg lq wkh ixoo pdunhw
Zh vwloo frqvlghu dq hfrqrplf djhqw/ zkr lqyhvwv lq wkh vr0fdoohg ixoo pdunhw1 Zh dvvxph
wkdw klv suhihuhqfhv duh uhsuhvhqwhg e| d xwlolw| ixqfwlrq iru frqvxpswlrq dqg whuplqdo zhdowk1
Wkh sureohp lv wkh iroorzlqj= krz vkrxog wklv djhqw fkrrvh dw hyhu| wlph klv sruwirolr dqg klv
frqvxpswlrq udwh surfhvvhv iurp dprqj dgplvvleoh sdluv lq rughu wr rewdlq d pd{lpxp h{shfwhg
xwlolw| iurp erwk frqvxpswlrq ryhu wkh wlph0lqwhuydo W dqg whuplqdo zhdowk1
Pruh suhflvho|/ wkh djhqw kdv d xwlolw| ixqfwlrq X = D $ U jlyhq e|





x +w> fw, gw . Y +[,
&
zkhuh
 Y = U. $ U lv vwulfwo| lqfuhdvlqj dqg frqfdyh>
 x = W  U. $ U lv frqwlqxrxv dqg/ iru hdfk w lq W / x +w> , = U. $ U lv vwulfwo| lqfuhdvlqj
dqg frqfdyh>
 Y lv vwulfwo| frqfdyh ru/ iru hdfk w lq W / x +w> , lv vwulfwo| frqfdyh1
Zh dvvxph wkdw wkh djhqw lv hqgrzhg zlwk dq lqlwldo fdslwdo { A 3 dqg wkdw wkhuh lv qr h{rjhqrxv














































7Xvlqj sursrvlwlrq 7=43 dqg wkh vwulfw prqrwrqlflw| ri hlwkhu ru erwk ri Y dqg ix +w> , > w 5 W j/

































dqg wkhuh lv d frqvwdqw 













x +w> fw,  








Surri E| wkh Vdggoh Srlqw Wkhruhp +vhh Gx!h ^4<<9`/ s15:9, dqg wkh vwulfw prqrwrqlflw|









, vroyhv wkh xqfrqvwudlqhg sureohp
vxs
+f>[,5D








W [  {
&



















































7Wkhq/ e| Ixelql*v wkhruhp/ wkh idfw wkdw f lv dq dgdswhg surfhvv/ wkh odz ri lwhudwhg h{shfwdwlrqv
dqg wkh idfw wkdw wkh surfhvv

 Pw> w 5 W





































Hw ^PW ` 









wfwgw . PW 
W [
&
zklfk frpsohwhv wkh surri1
Zh fdq eh d olwwoh pruh v|vwhpdwlf derxw wkh surshuwlhv ri X dqg Y lq rughu wr fkdudfwhul}h
rswlpdo sdluv1 D vwulfwo| frqfdyh lqfuhdvlqj ixqfwlrq I = U
.
$ U wkdw lv F
4
rq +3> 4, vdwlvhv
Lqdgd frqglwlrqv li lqi { I
3
+{, @ 3 dqg vxs
{ I
3
+{, @ .41 Li I vdwlvhv wkhvh Lqdgd frqglwlrqv/
wkhq wkh lqyhuvh LI ri I
3
lv zhoo ghqhg dv d vwulfwo| ghfuhdvlqj frqwlqxrxv ixqfwlrq rq +3> 4,
zkrvh lpdjh lv +3> 4,1
Dvvxpswlrq D= Wkh ixqfwlrq Y lv F
4
rq +3> 4,/ vwulfwo| frqfdyh dqg vdwlvhv Lqdgd frqglwlrqv1
Iru doo w 5 W > x +w> , lv F
4
rq +3> 4,/ vwulfwo| frqfdyh dqg vdwlvhv Lqdgd frqglwlrqv1
Xqghu Dvvxpswlrq D/ zh vkdoo ghqrwh e| xf +w> , wkh ghulydwlyh ri x +w> , dqg e| Lx +w> , wkh
lqyhuvh ixqfwlrq ri xf +w> ,1 Wkhq












































7rqo| li wkhuh h{lvwv d frqvwdqw 

A 3 vxfk wkdw

w




w , 3  w  W d=v= S +815,

W

















































olnh lq +8=8,1 Zh hdvlo| jhw iurp hohphqwdu| fdofxoxv wkdw iru doo w lq W >
plq
f3
^f|  x +w> f,` @ |Lx +w> |,  x +w> Lx +w> |,, iru doo | lq +3> 4,
dqg wkdw iru doo | lq +3> 4,/ wkh plqlpxp lv xqltxho| dwwdlqhg dw Lx +w> |,/ vr wkdw
x +w> Lx +w> |,,  x +w> f, . | ^Lx +w> |,  f` iru doo f  3 dqg doo | lq +3> 4, /
wkh lqhtxdolw| ehlqj vwulfw iru f 9@ Lx +w> |,1 Wkhq
x +w> f



















































































wkh lqhtxdolw| ehlqj vwulfw iru f 9@ f

/ zklfk suryhv rxu sursrvlwlrq1




, 5 D/ zh fdq wxuq wr pxowl0djhqw
htxloleulxp frqvlghudwlrqv1
91 Htxloleulxp dqg frpsdwleoh vwdwh sulfh ghqvlwlhv
Zh kdyh vr idu frqvlghuhg d vlqjoh hfrqrplf djhqw/ wudglqj lq wkh ixoo pdunhw1 Zh vkdoo qrz
dvvxph wkdw rxu hfrqrp| frqvlvwv ri d qlwh qxpehu q ri djhqwv/ zkr doo kdyh xwlolw| ixqfwlrqv
Xm = D $ U jlyhq e|





xm +w> fw, gw . Ym +[,
&
iru m @ 4> ===> q
zkhuh xm dqg Ym vdwlvi| wkh vdph frqglwlrqv dv x dqg Y dw wkh ehjlqqlqj ri vhfwlrq 81 Hdfk djhqw
m kdv dq lqlwldo hqgrzphqw {m dqg wulhv wr pd{lpl}h klv xwlolw| Xm +f> [, iurp erwk frqvxpswlrq
ryhu wkh wlph0lqwhuydo W dqg whuplqdo zhdowk1 Vr wkh rswlpdo ghpdqg +fm,

ri hdfk djhqw m lq
wkh frqvxpswlrq frpprglw| dv zhoo dv klv rswlpdo sruwirolr fkrlfh +m,

duh ghwhuplqhg e| wkh

















































7Ehvlghv/ wkh wrwdo vxsso| lq wkh hfrqrp| dw wlph w frqvlvwv ri rqh xqlw ri wkh surgxfwlyh dvvhw
Vw dqg ri wkh glylghqg sdlg e| wkh vwrfn Gw= Lq htxloleulxp/ wkh djjuhjdwhg rswlpdo ghpdqgv
ri wkh djhqwv pxvw htxdo wkh wrwdo vxsso| dydlodeoh1



























zklfk duh rswlpdo iru wkh djhqwv dqg vxfk wkdw iru doo











































































Dv ghvfulehg lq wkh lqwurgxfwlrq/ rxu sureohp frqvlvwv lq qglqj d idlu sulfh iru frqwlqjhqw
fodlpv wkdw rqo| xvhv lqirupdwlrq rq wkh surgxfwlyh dvvhw*v sulfh surfhvv1
Dv lpsolhg e| wkh qh{w ohppd dqg phqwlrqhg lq wkh lqwurgxfwlrq/ e| rqo| xvlqj wkh dvvxpswlrq
ri qr duelwudjh/ rxu sureohp lv vroyhg iru dq| frqwlqjhqw fodlp lq wkh fdvh g @ 4 dqg iru









































Ghqlwlrq 9141 Zh vd| wkdw d frqwlqjhqw fodlp E lv uhgxqgdqw 0zlwk uhvshfw wr wkh sulplwlyh
pdunhw0 li wkhuh h{lvw d qrqqhjdwlyh lqlwldo fdslwdo { dqg dq dgplvvleoh wudglqj0frqvxpswlrq
vwudwhj| +> 3, lq D +{, vxfk wkdw wkh fruuhvsrqglqj glvfrxqwhg zhdowk surfhvv lv d S
3
0pduwlqjdoh
dqg kdv d whuplqdo ydoxh htxdo wr wkh glvfrxqwhg frqwlqjhqw fodlp/ l1h1/ [
{>>3
W @ E=




> 3> ===> 3

wkhq wkh fruuhvsrqglqj
zhdowk surfhvv lv lq wkh irup
g[
{>>3





























Ohppd 9151 Ohw E eh d jlyhq frqwlqjhqw fodlp1


















/ sursrvlwlrq 71< whoov xv
wkdw lq wkh fdvh g @ 4/ doo frqwlqjhqw fodlpv duh uhgxqgdqw= iru dq| frqwlqjhqw fodlp E/ wkhuh





















W @ E1 Wkhq/ e| devhqfh ri duelwudjh rssruwxqlw|/ wkh sulfh iru E dw wlph 3 lv





5= Dv E @ [
{>>3
W
iru vrph { lq +3> 4, dqg vrph sdlu +> 3, lq D +{,/ e| devhqfh ri duelwudjh






























































zklfk lv wkh uhvxow dqqrxqfhg1
Qrwlfh wkdw S
3
rqo| ghshqgv rq wkh surgxfwlyh dvvhw*v sulfh surfhvv vr wkdw lq erwk fdvhv
wkh xqltxh idlu sulfh iru dq| frqwlqjhqw fodlp E lv shuihfwo| ghwhuplqhg zlwkrxw dq| nqrzohgjh
derxw wkh qdqfldo dvvhwv sulfh surfhvvhv1
Dvvxph qrz wkdw wkh frqwlqjhqw fodlp E lv qrquhgxqgdqw +zlwk uhvshfw wr wkh sulplwlyh pdunhw,>




sureohp lv wkdw/ dv zh kdyh qrwlfhg dw wkh hqg ri vhfwlrq 615/ zh qhhg wr nqrz doo wkh dgglwlrqdo
sxuho| qdqfldo dvvhwv sulfh surfhvvhv lq rughu wr frpsxwh wklv sulfh/ zklfk lv qrw vxssrvhg wr eh
wkh fdvh khuh1 Dv wkh htxlydohqw suredelolw| phdvxuh  S ehorqjv wr wkh vhw PV ri doo V0htxlydohqw
pduwlqjdoh phdvxuhv/ zh nqrz wkdw wklv idlu sulfh olhv lq wkh lqwhuydo frqvlvwlqj ri wkh h{shfwhg
ydoxhv ri wkh glvfrxqwhg frqwlqjhqw fodlp zlwk uhvshfw wr doo V0htxlydohqw pduwlqjdoh phdvxuhv1
Exw wklv lqwhuydo kdv ehhq vkrzq wr eh wrr odujh +Fylwdqlf0Skdp0Wrx}l ^4<<:`,1 Rxu sxusrvh khuh
lv wr qg sulfhv ru htxlydohqwo| V0htxlydohqw pduwlqjdoh phdvxuhv wkdw duh frpsdwleoh zlwk zkdw
zh kdyh fdoohg htxloleulxp dqg wr uhvwulfw wklv zd| wkh idlu sulflqj lqwhuydo1 Lq wkh uhpdlqghu
ri wkh sdshu/ d idlu sulfh zloo ghqrwh d sulfh wkdw lv frpsdwleoh zlwk erwk htxloleulxp dqg wkh








































79141 D qhfhvvdu| frqglwlrq iru htxloleulxp
Zh kdyh vhhq lq vhfwlrq 6 wkdw dv  S ehorqjv wr PV/ zh fdq zulwh lw lq wkh irup S
 
iru vrph   lq
N

1 Zh vkdoo khuh vxssrvh wkdw wkhuh lv dq htxloleulxp dqg/ lq rughu wr jude pruh lqirupdwlrq
rq  / ghgxfh qhfhvvdu| frqglwlrqv wkdw wkh surfhvv iP
 
w > w 5 W j pxvw vdwlvi|1 Zh hpskdvl}h wkh
idfw wkdw zh duh lq wklv vhfwlrq rqo| lqwhuhvwhg lq qhfhvvdu| frqglwlrqv iru htxloleulxp1
Zh dvvxph wkdw wkh djhqwv* xwlolw| ixqfwlrqv vdwlvi| Lqdgd frqglwlrqv ru pruh suhflvho| Dvvxpswlrq
D ri vhfwlrq 81
Dv wkhuh lv dq htxloleulxp/ hdfk djhqw m pxvw dfklhyh dq rswlpdo frqvxpswlrq udwh surfhvv
f

m dv zhoo dv dq rswlpdo whuplqdo zhdowk [

m 1 Dffruglqj wr vhfwlrq 8/ wklv lpsolhv wkdw iru doo
m @ 4> ===q/ wkhuh h{lvwv d srvlwlyh frqvwdqw 






































3  w  W d=v= S 1
Rq wkh rwkhu kdqg/ dv wkhuh lv dq htxloleulxp/ pdunhwv pxvw fohdu1 Dv zh kdyh vhhq dw wkh



















































7Ohppd 9161 D qhfhvvdu| frqglwlrq iru dq htxloleulxp wr eh uhdfkhg lq rxu prgho lv wkdw wkhuh
h{lvw srvlwlyh frqvwdqwv 



















9151 Dvvxplqj wkdw wkh xwlolw| ixqfwlrqv duh uhjxodu
Zh vkdoo qrz dvvxph wkdw iru hdfk m/ wkh xwlolw| ixqfwlrq xm vdwlvhv fhuwdlq uhjxodulw| frqglwlrqv/
wr zlw/
Lxm = W  U

. $ U.
lv ri fodvv F
4>5
1 Zh dovr dvvxph wkdw wkh frh!flhqwv ri wkh sulplwlyh ulvn| dvvhw duh vxfk wkdw
iru doo w lq W / ew 9@ uw1
Zh vkrz wkdw wkh frpsdwlelolw| zlwk htxloleulxp hqdeohv xv wr sulfh wkh frqwlqjhqw fodlpv
lq d xqltxh zd|/ rqo| xvlqj lqirupdwlrq rq wkh sulplwlyh dvvhwv1













1 Wkh uhjxodulw| dvvxpswlrqv pdgh rq doo xwlolw| ixqfwlrqv
lpso| wkdw * lv ri fodvv F
4>5
rq U.  U

. dqg hqdeoh xv wr dsso| Lw÷*v ohppd wr wkh surfhvv
 @ i* +w> 
wP
 
w , > w 5 W j dqg jhw wkdw iru doo w lq W


















iru vrph surjuhvvlyho| phdvxudeoh surfhvv d @ idw> w 5 W j1 Xvlqj ohppd 9=6/ li htxloleulxp lv










































w gw . 
G






















Dv iru doo m dqg iru doo w/ Lxm +w> , lv dvvxphg wr eh vwulfwo| ghfuhdvlqj/ *
{ +w> , lv qhjdwlyh> iru doo
w 5 W / wkh udqgrp yduldeoh 
wP
 
w lv srvlwlyh> wklv lpsolhv wkdw wkhuh h{lvwv d phdvxudeoh srvlwlyh
























w d=v= S /








w duh ri wkh vdph vljq1
Wkh surfhvv   zh duh orrnlqj iru vdwlvhv
w w @ 3 iru doo w lq W
lq rughu wr ehorqj wr N






































































Wkh rqo| pduwlqjdoh phdvxuh wr eh frpsdwleoh zlwk htxloleulxp lv wkhq S
a 
1 Wkh sureohp ri idlu
sulflqj ri qrquhgxqgdqw frqwlqjhqw fodlpv lv wkhq uhgxfhg wr wdnlqj wkh h{shfwhg ydoxh zlwk
uhvshfw wr S
a 
> zklfk rqo| lqyroyhv wkh surgxfwlyh dvvhw dqg lwv glylghqgv sulfh surfhvvhv= rxu
sureohp lv vroyhg1
Qrwlfh wkdw/ dffruglqj wr uhodwlrq +9=5,/ wkh frqglwlrq zh kdyh lpsrvhg rq ew dqg uw lv




9@ 3 zklfk dprxqwv wr vd|lqj wkdw wkh sulfh
surfhvv V dqg lwv dvvrfldwhg glylghqg surfhvv duh lq d zd| fruuhodwhg/ zklfk vhhpv uhdvrqdeoh1
Zh kdyh wkhq wzr zd|v wr ghqh d ydoxdwlrq rshudwru1 Wkh uvw rqh lv edvhg rq wkh duelwudjh






 ew  uw4g

 w d=v= S> 3  w  W=
Lw rqo| ghshqgv rq wkh dvvhw sulfh surfhvvhv dqg grhv qrw ghshqg rq wkh glylghqg surfhvv1 Wkh



















































7Lw rqo| ghshqgv rq wkh surgxfwlyh dvvhw sulfh dqg glylghqg surfhvvhv dqg grhv qrw lqyroyh wkh
sxuho| qdqfldo dvvhwv sulfh surfhvvhv1 Zh kdyh wkhq wkh iroorzlqj =
















d=v= S> 3  w  W=
Lq sduwlfxodu/ uhfdoo wkdw wkh plqlpdo pduwlqjdoh0phdvxuh dovr fdoohg Iùoophu dqg Vfkzhlw}hu
^4<<4` pduwlqjdoh0phdvxuh grhv qrw wdnh lqwr dffrxqw ruwkrjrqdo ulvnv dqg frlqflghv zlwk rxu
pduwlqjdoh0phdvxuh S
3
= Zh kdyh wkhq wkh iroorzlqj =
Fruroodu| 9181 Wkh Iùoophu dqg Vfkzhlw}hu ^4<<4` pduwlqjdoh0phdvxuh lv frpsdwleoh zlwk dq
htxloleulxp lq wkh prgho +V3>V> +F
l

















w d=v= S> 3  w  W
ru qdoo|/ li wkhuh h{lvwv d surfhvv  vxfk wkdw  @ 
G
=
Lw phdqv wkdw wkh Iùoophu dqg Vfkzhlw}hu ^4<<4` pduwlqjdoh0phdvxuh lv frpsdwleoh zlwk dq
htxloleulxp rqo| li doo wkh vwrfn sulfh ulvn lv h{sodlqhg e| wkh fxuuhqw glylghqg ulvn dqg wklv lv/
lq sduwlfxodu/ wkh fdvh zkhq wkh vwrfn sulfh dw gdwh w lv d uhjxodu ixqfwlrq ri wkh glylghqg dw wkh
vdph gdwh/ l1h1 Vw @ i +w> Gw,=
Ohw xv qrz frpsduh rxu uhvxow zlwk wkh rqh frqfhuqlqj rxu sureohp rewdlqhg lq Skdp0Wrx}l
^4<<9`1 Wkh| frqvlghu d prgho lq zklfk wkhuh lv d erqg V
3
/ rqh ulvn| surgxfwlyh dvvhw/ zkrvh
sulfh surfhvv V lv ghvfulehg e| d vwrfkdvwlf yrodwlolw| prgho/ dqg rqh frqwlqjhqw fodlp frpsohwlqj








































7ghwhuplqhv d xqltxh htxlydohqw pduwlqjdoh phdvxuh1 Wkhq wkh| vwxg| wkh frqvlvwhqf| ri vxfk d
pduwlqjdoh phdvxuh zlwk dq htxloleulxp prgho> wkh| dqvzhu wkh txhvwlrq= gr wkhuh h{lvw xwlolw|
ixqfwlrqv vxfk wkdw wkh sulfh surfhvv V lv dq htxloleulxp sulfh surfhvvB Li wkh dqvzhu lv |hv/ wkh|
vd| wkdw wkh pduwlqjdoh phdvxuh lv yldeoh/ dqg wkh| vkrz wkdw wklv lqgxfhv vwurqj frqvwudlqwv
rq wkh frh!flhqwv ri wkh sulfh glxvlrq surfhvv1 Pruh vshflfdoo| uhodwhg wr rxu sureohp/ lw
lv vkrzq 0vhh sursrvlwlrq 8140 wkdw lq wkh srvlwlyh glylghqg fdvh/ dv orqj dv wkh frh!flhqwv ri
wkh prgho uhvshfw wkh deryh phqwlrqhg frqvwudlqwv/ wkh plqlpdo pduwlqjdoh phdvxuh ri Iùoophu
dqg Vfkzhlw}hu lv yldeoh li dqg rqo| li wkh glylghqg surfhvv lv lq wkh irup Gw @ d +w, Vw . e +w,
iru vrph frqwlqxrxv ixqfwlrqv d +w, A 3 dqg e +w,  3 dqg li wkh xwlolw| ixqfwlrqv duh orjdulwkplf
rqhv zklfk vhhpv wr eh d yhu| uhvwulfwlyh frqglwlrq=
Zh kdyh vkrzq lq vhfwlrq 915 wkdw lq d prgho zklfk lv qrw qhfhvvdulo| pdunryldq dq|pruh/ li wkh
glylghqg surfhvv lv d glxvlrq surfhvv wkhq wkhuh h{lvwv d xqltxh dgplvvleoh pduwlqjdoh phdvxuh1
Li zh xvh wkh uhvxow ri Skdp0Wrx}l ^4<<9`/ wkhq zh rewdlq wkdw lq d vwrfkdvwlf yrodwlolw| vhwwlqj/
li wkh glylghqg surfhvv lv lq wkh irup phqwlrqhg deryh/ wkh plqlpdo pduwlqjdoh phdvxuh ehlqj
yldeoh/ lw lv qhfhvvdulo| wkh xqltxh yldeoh pduwlqjdoh phdvxuh1 Wklv lv zkdw zh qg li zh dgdsw
rxu uhvxow wr wkhlu vshflf vhwwlqj dqg li zh ohw wkh ixqfwlrq g eh dq d!qh ixqfwlrq1
Ehvlghv/ zh kdyh vkrzq wkdw wkhuh lv dovr d xqltxh dgplvvleoh sulfh lq dq| rwkhu fdvh1
Lq idfw/ lq Mrxlql dqg Qdss ^5333`/ xqghu vrph plog whfkqlfdo frqglwlrqv/ zh suryh wkdw rxu
qhfhvvdu| frqglwlrq lv dovr vx!flhqw dqg wkdw wkh Iùoophu dqg Vfkzhlw}hu pduwlqjdoh0phdvxuh lv
frpsdwleoh zlwk pdq| rwkhu xwlolw| ixqfwlrqv dqg iru sulfhv wkdw duh qrw d!qh ixqfwlrqv ri wkh









































7:1 Lqfrpsohwh pdunhwv dqg pdq| surgxfwlyh dvvhwv
Li zh dvvxph qrz wkdw wkhuh lv pdq| surgxfwlyh dvvhwv ghqrwhg e| V
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> lw lv hdv| wr fkhfn wkdw wkh suhylrxv uhvxowv vwloo dsso|=






















d=v= S> 3  w  W> k @ 4>    > n=
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51 wkh Iùoophu dqg Vfkzhlw}hu ^4<<4` pduwlqjdoh0phdvxuh lv frpsdwleoh zlwk dq htxloleulxp































































































Zkhq wkh pdunhwv duh lqfrpsohwh/ zh fdq*w dvvxph wkdw wkhuh lv rqo| rqh ]htxlydohqw
pduwlqjdoh phdvxuh dq|pruh1 Krzhyhu/ dv lq Ohppd 915/ doo wkh ]htxlydohqw pduwlqjdoh
phdvxuh frlqflgh rq wkh vhw ri dwwdlqdeoh dvvhwv +dvvhwv wkdw duh uhgxqgdqw lq wkh ixoo pdunhw,1
Li wkh judglhqw ri wkh xwlolw| ri djhqw m dw dq rswlpdo frqvxpswlrq surfhvv f
m
h{lvwv dqg kdv





















































w lv d pduwlqjdoh/ wkhq lw lv hdv| wr fkhfn wkdw P
m
w lv wkh ghqvlw| surfhvv ri d ]htxlydohqw
pduwlqjdoh phdvxuh1 Ixuwkhupruh xqghu wkh uhjxodulw| frqglwlrqv ri vhfwlrq 915/ P
m
w lv dq Lwr






















Ohw xv qrz frqvlghu wkh surfhvv a Pw ghqhg e|




























































dqg lw lv hdv| wr fkhfn wkdw a Pw lv wkh ghqvlw| surfhvv ri d ]htxlydohqw pduwlqjdoh phdvxuh1














































7Pruhryhu/ vlqfh a Pw lv wkh ghqvlw| surfhvv ri d V
k
htxlydohqw pduwlqjdoh iru dq| k lq

















































> d=v= S> 3  w  W> k> c 5 i4>    > nj = +:16,


















@  ew  uw4g> d=v= S> 3  w  W> k @ 4>    > n= +:17,






,, wr eh dq htxl0
oleulxp sulfh v|vwhp1
Qrwh wkdw wkhvh frqglwlrqv duh rqo| qhfhvvdu| rqhv dqg dv xqghuolqhg e| Gx!h ^4<<9`/ wkhuh lv
dv |hw qr vhw ri frqglwlrqv wkdw lv vx!flhqw iru wkh h{lvwhqfh ri htxloleulxp lq vxfk dq lqfrpsohwh
pdunhw iudphzrun h{fhsw lq wulyldo ru vlpsoh sdudphwulf h{dpsohv1
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